In this paper, we investigate a fuzzy version of a generalized Hyers-Ulam-Rassias type stability for the following Pexider functional inequalities
Introduction and preliminaries
The class of approximate solutions of the given functional equation one can ask whether each mapping from this class can be somehow approximated by an exact solution of the considered equation. Such a problem was formulated by Ulam in 1940 ([33] ).
In 1941, Hyers [16] gave the first affirmative answer to the question of Ulam for Banach spaces. Let f : E → E be a mapping between Banach spaces such that f(x + y) − f(x) − f(y) δ for all x, y ∈ E, and for some δ > 0. Then there exists a unique additive mapping T : E → E such that
for all x ∈ E. Moreover, if f(tx) is continuous in t ∈ R for each fixed x ∈ E, then T is R-linear. In 1978, Rassias [29] proved the following theorem.
Theorem 1.1. Let f : E → E be a mapping from a normed vector space E into a Banach space E subject to the inequality f(x + y) − f(x) − f(y) ( x p + y p ) (1.1)
for all x, y ∈ E, where and p are constants with > 0 and p < 1. Then there exists a unique additive mapping
for all x ∈ E. If p < 0 then inequality (1.1) holds for all x, y = 0, and (1.2) for x = 0. Also, if the function t → f(tx) from R into E is continuous in t ∈ R for each fixed x ∈ E, then T is R-linear.
The result of Rassias has influenced the development of what is now called the Hyers-Ulam-Rassias stability theory for functional equations. On the other hand, Rassias [30] generalized the Hyers-Ulam stability result by presenting a weaker condition controlled by a product of different powers of norms.
Theorem 1.2 ([30]).
If it is assumed that there exist constants Θ 0 and p 1 , p 2 ∈ R such that p = p 1 + p 2 = 1, and f : E → E is a mapping from a norm space E into a Banach space E such that the inequality
for all x, y ∈ E, then there exists a unique additive mapping T : E → E such that
If, in addition, f(tx) is continuous in t ∈ R for each fixed x ∈ E, then T is R-linear.
In 1991, Gajda [14] answered the question for the case p > 1, which was raised by Rassias. In 1994, a generalization of Rassias theorem was obtained by Gǎvruta [15] by replacing the bound ( x p + y p ) by a general control function ϕ(x, y). More generalizations and applications of the Hyers-Ulam stability to a number of functional equations and mappings can be found in [1, 4, 6, 8-11, 17, 22, 24-26, 28, 31, 32] . These stability results can be applied in stochastic analysis [23] , financial and actuarial mathematics, as well as in psychology and sociology.
In [27] , Park et al. investigated the following inequalities
in Banach spaces. Recently, several stability results have been recently obtained for various equations, also for mappings with more general domains and ranges see ( [7, 12, 20, 21] ). In the paper, we consider the following Pexider functional inequalities
where k are nonzero real scalars. In 1984, Katsaras [18] defined a fuzzy norm on a linear space to construct a fuzzy vector topological structure on the space. Later, some mathematicians have defined fuzzy norms on a linear space from different points of view ( [13, 19, 34] ). In 2003, Bag and Samanta [3] modified the definition of Cheng and Mordeson [5] by removing a regular condition. They also established a decomposition theorem of a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy norms (see [2] ). Following [2] , we give the employing notion of a fuzzy norm.
Let X be a real linear space. A function N : X × R → [0, 1] (the so-called fuzzy subset) is said to be a fuzzy norm on X if for all x, y ∈ X and all a, b ∈ R:
(N 2 ) x = 0 if and only if N(x, a) = 1 for all a > 0;
) is a non-decreasing function on R and lim a→∞ N(x, a) = 1;
The pair (X, N) is called a fuzzy normed linear space. One may regard N(x, a) as the truth value of the statement the norm of x is less than or equal to the real number a .
Then N(x, t) is a fuzzy norm on X and (X, N(x, t)) is a fuzzy normed space. Definition 1.4. Let (X, N) be a fuzzy normed linear space. Let x n be a sequence in X. Then x n is said to be convergent if there exists x ∈ X such that lim n→∞ N(x n − x, a) = 1 for all a > 0. In that case, x is called the limit of the sequence x n and we denote it by N-lim n→∞ x n = x.
Definition 1.5.
A sequence x n in X is called Cauchy, if for each > 0 and each a > 0 there exists n 0 such that for all n n 0 and all p > 0, we have N(
It is known that every convergent sequence in fuzzy normed space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.
Throughout this paper, assume that (X, N) is an fuzzy normed space and (Y, N) is an fuzzy Banach space.
Hyers-Ulam stability of the functional inequality (1.3)
Throughout this section, assume that a, b, c and k are the nonzero scalars. Proposition 2.1. Let f, g, h, p : X → Y be a mapping such that g(0) = h(0) = p(0) = 0 and
for all x, y, z ∈ X. Then the mapping f, g and h are additive, for all x ∈ X.
Proof. Letting x = y = z = l = 0 in (2.1), we get
for all x ∈ X.
Replacing (x, y, z, l) by (x, x, −2x, 0) in (2.1), we get
Replacing (x, y, z, l) by (x, y, −x, −x) in (2.1), we get
for all x, y ∈ X. By (2.2), (2.3) and (2.4), we get
for all x, y ∈ X. Hence f(x) is additive mapping for all x, y ∈ X. Since f is additive, it is clear that g and h are additive; and
Next, we show that the Hyers-Ulam stability of the functional inequality (1.3).
Theorem 2.2.
Assume that a mapping f, g, h, p : X → Y with g(0) = h(0) = p(0) = 0 satisfies the inequality
where φ :
for all x, y, z, l ∈ X. Then there exists a unique additive mapping A : X → Y such that
,
Replacing (x, y, z, l) by (x, y, 0, −2x) in (2.6), we get
Replacing (x, y, z, l) by (x, x, −x, −x) in (2.6), we get
for all x ∈ X. By (2.8), (2.9) and (2.10), it follows that
, 2t 2t + 3φ for all x ∈ X.
It follows from (2.12) that
for all nonnegative integers m and n with m > n and all x ∈ X. It means that the sequence {( c a ) n f(( a c ) n x)} is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence {( 1 2 ) n f(2 n x)} converges. We define the mapping A : X → Y by A(x) = lim n→∞ {( 1 2 ) n f(2 n x)} for all x ∈ X. Moreover, we get
Similarly, there exists a mapping B : X → Y such that B(x) = lim n→∞ 1 2 n g(2 n x) and
We also obtain a mapping C : X → Y such that C(x) := lim n→∞ 1 2 n h(2 n x), and
Next, we show that A is an Jensen mapping.
for all x, y ∈ X. Thus the mapping A : X → Y is additive. Now, we prove the uniqueness of A. Assume that T : X → Y is another additive mapping satisfying (2.7). We obtain
, which tends to zero as n → ∞ for all x ∈ X. Then we can conclude that A(x) = T (x) for all x ∈ X.
Therefore the inequalities (2.7) hold.
Corollary 2.3.
Let q and θ be positive real numbers with 0 < q < 1. Let f, g, h, l : X → Y be the mappings with
for all x, y, z ∈ X. Then there exists a unique additive mapping A : X → Y such that
Hyers-Ulam stability of the functional inequality (1.4)
Throughout this section, assume that k is nonzero real numbers.
for all x, y, z ∈ X. Then the mapping f : X → Y is additive.
Proof. Letting x = y = z = 0 in (3.1), we get
for all x, y ∈ X. So f(x + y) + f(x − y) − 2f(x) = 0 for all x, y ∈ X. Similarly, we can show that g(x + y) + g(x − y) − 2g(x) = 0, and h(x + y) + h(x − y) − 2h(x) = 0, as desired. 
where φ : X 4 → [0, ∞) satisfies φ(0, 0, 0, 0) = 0 and
Proof. Letting x = y = z = l = 0 in (3.4), we get N(2f(0), t) 
Letting y = x, z = −2x, l = 0 in (3.4), we obtain
for all x ∈ X. Thus,
It follows from (3.9) that
for all nonnegative integers m and n with m > n and all x ∈ X. It means that the sequence 1 2 n f(2 n x) is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence 1 2 n )f(2 n x) converges. So we may define the mapping A : X → Y by A(x) = lim n→∞ 1 2 n f(2 n x) for all x ∈ X. Moreover, we get the first formula of (3.5). By the (3.6) and (3.7), we get the second and third formula of (3.5).
N( 1 2 n f(2 n x + 2 n y)+ 1 2 n f(2 n x − 2 n y) − 2 1 2 n f(2 n x), 3t) = N 1 2 n f(2 n x + 2 n y) + 1 2 n f(2 n x − 2 n y) + 1 2 n g(−2 n x) + k 2 n h(−2 n x) − 1 2 n g(−2 n x) − k 2 n h(−2 n x) − 2 1 2 n f(2 n x), 3t min 1, t t + for all x, y ∈ X. Thus the mapping A : X → Y is additive. So the mapping A : X → Y is an additive mapping.
The rest of the proof of theorem similar with Theorem 2.2. for all x ∈ X.
